Abstract: We derive Mandelstam formulae for two generalisations of the Wilson loop. In these generalisations path-ordering of Lie algebra generators is replaced by an anti-commuting one dimensional field theory along the loop. We extend the calculation to the N = 1 super-Wilson loop by introducing a superpartner for the additional field.
Introduction
The non-Abelian Wilson loop is the trace of the path-ordered exponential of a nonAbelian gauge field integrated along a closed curve, C, in spacetime, given parametrically as x µ = x µ (ξ),
It is an important observable in quantum gauge theory. For instance, local observables can be written in terms of Wilson loops. They are also useful in studying the confining properties of the gauge theory since they can distinguish the confinement phase by the so called area law [1] . Another use of Wilson loops is to provide the coupling of particles to gauge-fields in first quantisation, for example the partition function of a spin-0 particle of mass m coupled to the gauge field is
We can expand the gauge field as A A µ τ A , where τ A are anti-Hermititan Lie algebra generators. It is well known that if ψ † r and ψ s are a set of anti-commuting operators with {ψ † r , ψ s } = δ rs then the operatorsτ R ≡ ψ † r τ R rs ψ s satisfy the Lie algebra. These anti-commutation relations follow from a Lagrangian ψ †ψ , which leads to a propagator containing the step-function θ(t 1 − t 2 ) (plus other terms depending on the boundary conditions) which is just what is needed to build the path-ordering in (1.1) [2] . So instead of (1.1) we might consider
The Lagrangian in this model has been analysed extensively [5] - [7] , mainly in canonical quantisation. The path-ordered exponential in (1.1) can be picked out by a particular choice of boundary conditions, an operator insertion and a choice of normalisation, or, as in [3] and [4] , by projecting out a piece with appropriate U(1)-charge. We shall not follow these paths, but rather we will find it more useful to consider the integral (1.3) as it stands. Integrating out the ψ-field (with some choice of boundary conditions) gives [8] 
where the signs correspond to anti-periodic and periodic ψ. This is then a generalisation of the Wilson-loop but is one that is closely related and has useful properties. In [8] it was shown that when W [C] is replaced by W ψ in the spin-1/2 generalisation of (1.2) which introduces fermionic superpartners of x to describe γ-matrices then the partition function picks out the representations and helicities of the hadrons and leptons that appear in a single generation of the Standard Model when the same boundary conditions are imposed on all the fermionic variables. This suggests that W ψ is worth studying in its own right, so in this paper we will construct the loop equations for this quantity generalising those constructed for the Wilson loop itself. There is another, more speculative reason for studying W ψ rather than W [C] related to attempts to represent the gauge field dynamics in terms of lines of force spanning C. When averaged over A, using
where
the leading perturbative contribution comes from the free part of the Yang-Mills action
(1.7) Apart from the ψ-dependence this is the Abelian result. In [10] it was shown how to reproduce the Abelian result from a tensionless string with non-standard interaction whose world-sheet spans C . The appearance of ψ † and ψ in the perturbative expansion of the Yang-Mills case suggests that these extra variables might be boundary values of world-sheet fields that appear when we try to generalise to the non-Abelian case in which event they should be responsible for the self-interactions of Yang-Mills theory. This was explored in [9] with only limited success as unfortunately, the model studied there lacks the singularity structure required to incorporate the self interactions, though path-ordering is achieved. Thus, a further extension of this model is required to complete the reformulation. In the present paper we shall not explore this idea further but simply study the expectation value of W ψ when the gauge field dynamics are the standard ones with the hope that the resulting loop equations may provide a useful tool in searching for the correct string theory model.
The loop equations are functional equations for W [C] as C is varied. They have been much investigated [11] - [20] . Here we will follow the general approach of [21] to work out the corresponding equations for W ψ and its supersymmetric extension. This approach is based on the Mandelstam formula for the Wilson loop:
is the Laplacian in loop space [21] .
Bosonic Theory
We begin by considering the change in W ψ under a variation of C
After an integration by parts on the first term this becomes
The second line can be replaced by considering the Schwinger-Dyson equations for ψ † and ψ. Under a variation of ψ † (and ψ), the functional W ψ does not change, providing the functional measure Dψ † (and Dψ) doesn't change. Therefore, we obtain the relations
Choosing the specific variations δψ † = ψ † δx µ A µ and δψ = δx µ A µ ψ allows us to replace the time derivative terms of (2.2) with a commutator, completing the appearance of the field strength in the variation of W ψ . This choice also ensures that the Jacobian arising from a change of variables is trivial. With these relations, the change in W ψ can be written as
Varying the loop variable for a second time we find
after an integration by parts. We may invoke the Schwinger-Dyson equations for (2.5) again for the variables ψ † and ψ. Choosing the same specific variations for δψ † and δψ as above, these give the relations
and
These allow us to write the second variation of W ψ as
The Laplacian on loop space, ∆(ξ), acts to pick out the singular piece (also the first term vanishes since F µ µ = 0). Applying (1.9) to W ψ , using the above relations, we find
We can integrate out the gauge field by noticing that the integrand is proportional to the equations of motion for the Yang-Mills action. Under a variation of the gauge field, the functional integral
To compare this with the integrand of (2.11), we choose the specific variation δA
With this, we are finally lead to
This formula is the equivalent of (1.8) for our generalised Wilson loop W ψ .
Supersymmetric Theory
We can apply this procedure to the more applicable case of a non-Abelian gauge field coupled to fermions as in QCD described in the first-quantised worldline formalism.
To do this we give the loop spin degrees of freedom, which, in the worldline formalism corresponds to introducing a superpartner, η µ , for the co-ordinates, x µ . The superWilson loop is then
The super-Wilson loop is invariant under the N = 1 worldline supersymmetry transformations, parametrised by the Grassmann-odd function ǫ(ξ),
The loop equations are most easily obtained by appealing to the superspace formalism. We introduce the anti-commuting variable, θ, as the superpartner of the worldline parameter, ξ, related to it by the supersymmetry transformations, δθ = −ǫ and δξ =ǫθ. We also introduce the 1 dimensional superfield, X µ , which can be expanded in powers of θ as
along with the superderivative D ≡ ∂ θ + θ∂ ξ . The super-Wilson loop can then be written as
To see the equivalence, one needs the superspace analogue of path-ordering [22] . The Mandelstam equation for the super-Wilson loop is then
generalises the Laplacian on loop space. The path-ordering of the super-Wilson loop can be produced in an analogous manor to that of the bosonic case. The loop variable we will consider this time is a straightforward generalisation of the bosonic loop
We can now go ahead and study the change in the loop variable under a variation of X. Using the same method from section 2, we find for the first variation
and for the second variation
Using this result we are able to compute the Laplacian (3.6) applied to W Γ , which picks out the second line exclusivelỹ
We are using the definition of functional differentiation
The gauge field can be integrated out as in the bosonic case. In this case the appropriate functional integral to consider is DA e −S Y M + dξdθ Γ † (D+DX µ Aµ(X)) (3.16) where S Y M is still given by (1.4) . This means we must compare A µ (x) with the superfield A µ (X). Consider the change in this integral under a variation of the gauge field, we find 0 = DA e −S Y M + dξdθ Γ † (D+DX µ Aµ(X))
To make the connection with (3.14), we require (3.19) 
